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REPRESENTATIONS OF METABELIAN GROUPS
REALIZABLE IN THE REAL FIELD

BY
B. G. BASMAIJI(})

Abstract. A necessary and sufficient condition is found such that all the nonlinear
irreducible representations of a metabelian group are realizable in the real field, and all
such groups with cyclic commutator subgroups are determined.

1. Introduction. The purpose of this paper is to characterize finite metabelian
groups whose all nonlinear irreducible representations (over the complex field)
are realizable in the real field. This is done in two steps. Using factor groups which
are dihedral we prove in §2 a necessary and sufficient condition for some monomial
representation to be realizable in the real field. In a remark we show that this result
can be applied to give a partial solution to a question raised by Brauer in [2]. Some
notations are introduced in §3 and the main result is proved in §4. This is used in
§5 to determine all such finite groups with cyclic commutator subgroup G’. In
particular we get that such a metacyclic group with G’ of even order should be
dihedral.

2. Representations realizable in the real field. Let K be a proper normal sub-
group of a finite group G, P a linear representation of K with kernel D, and N(D)
the normalizer of D in G. Assume the induced representation P€ is irreducible.
Define the representation P* of G by replacing every entry of P%(g), g € G, by its
complex conjugate. The notation G={a,...) means G is generated by 4, ... and
|G| denotes its order. A dihedral group is given by <a, b | a"=b?=(ab)>=1) and a
quaternion group is given by {a, b | a®*=b*=1, a"=b%, b~ lab=a"*).

LeMMA 1. Assume the above. Then P€ is equivalent to P* if and only if there
exists y € N(D), unique modulo K, such that H=<K, y»| D is dihedral or quaternion
or |H|=|K/D|=2. Moreover P€ is realizable in the real field R if and only if H is
dihedral or |H|=|K|D|=

Proof. Let y be the character of P and let §=x¢ be the character of P¢. Then
0(g)=0 for g¢ K and 0x=>,ccx x¥ Where x¥(k)=x(y~ky), k € K. Since 8 is
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irreducible, from [3, (45.4)], we have K={ge G | x?=x}. Thus 0 is real-valued,
(i.e., =40 and P€ is equivalent to P*) if and only if g=x¥ for some y € G.

Assume y exists, then by [3, (45.4)] y is unique modulo K. Since x and ¥ =x* have
the same kernel D, it follows that y € N(D). Also for h € G, ¥*=x"* if and only if
z"'y e K. Now ye K if and only if =y, i.e., x is real-valued and |K/D|=2. If
y ¢ K, then y¥*=y or y?e K and y¥(k)=x(k)=x(k~*) for all ke K or y~*(kD)y
=k~D. Thus H is quaternion or dihedral whenever |K/D|#2.

Now assume 6=0 and let H=<K, y>. Then ¢=x¥ is irreducible and ¢=¢.
Hence R(8)=R(¢) and mg(6) < mg(€) <2 where mg(0) and mg(¢) denote the Schur
indices of 6 and ¢ respectively. If H is dihedral or |K/D|=2 then mg(£)=1 and
hence 6 is realizable in R. If H is quaternion then mg(¢) =2. The proof will be com-
plete if we show mg(8)=2. If g% ¢ K then 6(g?)=0. If gezK and g2 € K, then
g=zk, k € K, and y*(g?) =x"(z®)x"*(k)x"(k). Hence

> 8D = K| > XK P
gezK heG/K

which is zero if z'y ¢ K and —|G| if z 'y € K. The result follows from the
Frobenius-Schur Theorem [4, (3.5)].

REMARK. Using [1] and the above lemma we can find all the nonlinear irreducible
representations of the metabelian groups realizable in the real field and hence give
a partial solution to Problem 14 stated by Brauer in [2]. As an example we consider
the metacyclic group

G=<ab|a"=b"=1,a="b,b""ab=a")

where rt—1=kr—k=0 (mod n) and ¢|m. Let s be a positive divisor of n and ¢, be
the smallest positive integer such that r‘s=1 (mod s). Then the linear representations
P of K;={a, b*s) with kernel D, D N {a>=<a*), induce all the irreducible repre-
sentations P¢ of G. Their number is D, td(s)/t2. If s|(k, n), ¢, is even, r's'?= —1
(mod s), and D=<a®, b's), then PC is realizable in the real field. Therefore the
number of all such nonlinear irreducible representations of G is >’ ¢(s)/t,, where
>’ is over all s with the above conditions. A simpler formula for a special case is
given in [5].

3. Notations. The notations of this section will be used in the remainder of the
paper. Let G be a finite metabelian group and G’ its commutator group. Let D
be a subgroup of G’ such that G’/ D is cyclic and let N(D) be the normalizer of D in
G. Let K(D)/D be a maximal abelian subgroup of N(D)/D containing G’/D. Let
z,G', ..., z,G' be a basis of K(D)/G’ where z,G’ is of order #,. Let P be a linear
representation of G’ with kernel D and P be a linear representation of K(D) which
is an extension of P to all K(D), where P(z,)=P(z}). From [1] P€ is irreducible
and every irreducible representation of G is equivalent to some P€ for some P with
some kernel D and any K(D). Let D be the kernel of P and note that D N G'=D.
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For any finite abelian group 4 and an abelian subgroup A of Aut 4 denote
A(A) the extension of A by A with the coset representatives x,, o € A, where
x5 tax,=a° for all ae A. For o and 7 in A we have x,x,=Xx,,(c, 7) where (o, 7)
denote the elements of the factor set. We set (1, 1)=(1, ¢)=(o, 1)=1 for all
ce A If A=<a,...)> and A={o,...) then a° will be given only when a°#a or
whenever confusion is likely.

LEMMA 2. Let A={oy,...,0,) be an elementary abelian 2-group (of order 2')
and let B be a subgroup of A invariant under A. Then, with a possible change to an
equivalent factor set, the following statements are equivalent.

(i) (o, 0.)=1 and (o, 7)€ B for all i and o, 7 € A.
(ii) (o4, 0)=1 and (o, 7)"*(7, 0) € B for all i and all o, 7 € A.
(iii) x2,=1 and x;'x; *x,x, € B for all i and all o, T € A.

Proof. From the definition, (ii) and (iii) are equivalent since A is abelian. To
prove (i) from (iii) consider A=<x,, |i=1,...,t), then A N A<B. Picking a
suitable set of coset representatives of 4 in A(4) we have (i).

Let A=A(s,m, 8, g)=<a,d, b, b, ..., b, cy,...,c)> be abelian where a* =d™
=bt=ci=1,i=1,...,8,j=1,...,t, modd, and b=1if §=0 and b*=a?if §=1.
Note that if s=1 then §=0.

Let I'={o_,, 04, 04, . .., 0,> be the subgroup of Aut 4, A=A(s, m, 8, g) where
a®=a 1, iz —1,b%=ba"?,i=0,b°-1=ba® """, bli=ba® ", iz 1, and d%=d 1.
Note that I' depends on A, for instance if =0 then o_, does not exist and
b%, i20, are not defined.

Let I'(4) be an extension of A by I' such that (o, 0)=1 if a>=a~?! and for all
o, 7€, (o, 7) € (a). Hence [I'(4)]'=<a, d) and (i)-(iii) of Lemma 2 are equivalent
for B=<a). Note that I'(4) is the semidirect product 4 o I' when 4= A(s, m, 0, 0)
or A=A(1, 1,0, g).

LEMMA 3. Let P be a linear representation of A which is faithful on {a, d) where
A=A(s,m,0,0) or A=A(s,1,98,g). Then the induced representation PT4 s
(absolutely) irreducible and is realizable in the real field.

Proof. Irreducibility follows since P is an extension of its restriction on <{a, d>
and K(1)=A. Let D be the kernel of P. If A=A(s, m,0,0) then I'={¢,> and
(A, x,,>/D is dihedral. Let A=A(s, 1, 8, g) and let b,, . .., b, be all the b;’s such
that b7 ¢ D. If §=0 then let 6=o0,- - -0, when v is odd and let c=ay- - -0, when v
is even. Hence P(k°)=P(k~?) for all k € A and <4, x,>/D is dihedral. For §=1
let { be a primitive 2°*1th root of unity and assume P(a)=¢2 Then P(b)= +¢ or
+(—=DY2L If P(b)=+{let 6=0,- - -0, when v is odd and o =040, - -, When v is
even. If P(b)= +(—1)2{ let 0=0_,0¢0," - -0, when v is odd and o0=0_,0,- - -0,
when v is even. Then {4, x,>/D is dihedral and the result follows from Lemma 1.

Note that every irreducible nonlinear representation of I'(A(s, m, 0, 0)) and
I'(A(1, 1, 0, g)) is realizable in the real field.
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Assume o is as in the above proof and let x=x,, - - - x,,, etc. Then since xZ,=1,
we have x? € [['(4)]'=<a, d). Since x~*kx=k°c k=*D we have x2e D N {a,d)
or x2=1. We may take x,=x.

Now consider I'(4) where A=A4(s, 1, 8, g), s>1. Assume (x,x;)?=a" where
o=0, and 7=ga;, i#0, and r=r(7) is even. Let y,=x,a~ "2, then y2=1 and x,y,
=y,x,. Hence 1=(x,y.y,)?>=(3.Y0)? w=o0;, j#i, and hence I'(4)=4 o I. If for
some 7=0;, i#0, (x,x,)>=a, c=o0,, let a=x,x,. For §=0 we have g, b,, . . ., b?,
ceubg Cyy o ep=A(s+1,1,0,g—1) and <{A(s+1,1,0,g-1), Xx4,..., X5
~A(s+1,0,g—1) o I';. Similarly for =1 we have A(s+1,1,0,g) o I';. Here I,
is defined for A(s+1,1,0,g—1) or A(s+1, 1,0, g) as I" is done for A(s, 1, 8, g).
The above implies that either I'(4)=4 o I" or a subgroup of I'(4) is a semidirect
product.

4. Metabelian groups. Assume the notations of §3 and DEG'.

THEOREM 1. Assume every nonlinear irreducible representation of G is realizable
in the real field. Then the following hold for every D and any corresponding K(D).

(i) The exponent of K(D)/G' divides 2 or divides 4 depending whether an odd prime
divides |G'|D| or |G'|D| is a power of 2.

(ii) If K(D)/G' is of exponent dividing 2, then there exists x € N(D) such that
{K(D), x| D= A(s, m, 0,0) o T, and if K(D)/G' is of exponent 4, then there exist
X _1, Xos - - +» Xg in N(D) such that (K(D), x_, ..., x,0] D=T(A(s, 1, 8, g)).

Conversely if (i) and (ii) hold for every D and some corresponding K(D), then every
nonlinear representation of G is realizable in the real field, and hence (i) and (ii) hold
for every D and any corresponding K(D).

Proof. (i) Since D N G’ =D from Lemma 1 we may assume D=1 and G=N(D).
Also if D= D,=G’ then given K(D) some K(D,) can be found such that
K(D,)=K(D). Hence for this part of the proof we may also assume G'=<{a) is
cyclic of prime order p. Let zG’ be a basis element of K(D)/G’ of order m, then z is
of order fim, f=1 or p. From Lemma 1, there exists x € N(D) such that P(x~'zx)
=P(z7!). Butx~1zx=zg for some g € G’ and hence P(z~ 1) =P(zg) or P(z%)=P(g ).
Assume P(z) is a primitive fmth root of unity. Since P(g~?) is a pth root of unity
we have P(z) a primitive 2nd or pth or (2p)th root of unity. Hence fm=2 or fm=p
or fm=2p. If p=2 then K(D)/G’ is of exponent dividing 4.

Assume p#2 and fm=p or 2p. Letting b=z or b=22 we have b € K(D)— G’ and
b?=1. Let { be a primitive pth root of unity and let P(a)={. Consider two exten-
sions P, and P, of P to K(D) with P,(b)=1 and P,(b)={. For P,(b)=1, from
Lemma 1, there exists x such that P,(x~*kx)=P,(k~*) for all k € K(D), and hence
x~lax=a"1, x"bx=>b, and x2e K(D). Similarly if P,(b)={ we have y such
y lay=a"1, y~by=>ba~?, and y? € K(D). Let w=y~1x~lyx, then w~tbw=ba*#b,
a contradiction, since w € G'. Hence K(D)/G’ is of exponent 2.

(ii) We may assume D=1, G'=<{a), not necesarily of prime order, and hence
G=N(D). Assume K(D)/G’ is of exponent dividing 2 and let D be the kernel of P.
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Then from Lemma 1 there exists x € N(D) such that x2 € D and P(x~kx)=P(k~1)
for all k € K(D). Hence x~*kx=k~'d for some de D. But k-*x"kx=k~2de G’
and, k=2 € G’ which implies that € D N G'=D=1. Hence d=1 and x " ‘kx=k "}
for all k € K(D). Assume x2 ¢ D then x* € G' " D= D=1 or x*=1. Define another
extension P, of P to K(D) with kernel D, such that P,(x?)= — 1. This implies that
{(K(D), xy| D, is quaternion and from Lemma 1, P§ is not realizable in the real
field, a contradiction. Hence x% € D and <K(D), x>/ D=~ A(s, m,0,0) o I",

Now assume G’ is cyclic of order a power of 2, D=1, G=N(D), K=K(D), and
K /G’ of exponent 4. From Lemma 1 there exists x € G such that P(x~kx)=P(k~?)
for all ke K. Since x kx=kd, de G, we have after some calculations
K=A(s, 1, 8, g) where 6=0if s=1, G'={a) if s=1 or =1, and G'=<a) or {a®)>
if =0 and s> 1.

Assume 8 =0 and let { be a primitive 25th root of unity with P(a)={. For0<i<g
define the extensions P; of P to K by Py(b)=(—1)'2 and Py(b,)=Pc,) =1, i#j,
r=1,...,t. (Note that i=1 if s=1.) Hence from Lemma 1 there exists x; such that
P(x; *kx))=Pyk~?) for all k € K and Py(x?)=1. Since x; *kx;=kd, d € G', we have
xtax,=a"Y, x{bx,=ba®"', xb,=bx;, i#j, and x,c,=c,x;,, r=1,...,t. For
fixed i/, let R; be other extensions of P to K defined by R,(k)= + P,(k) where k=b,,
j=1,...,8, 0or k=¢,, j=1,...,t. Then R(x; *kx))=R/(k~?) for all k € K. From
Lemma 1, R(x%)=1 for all R,, and hence x} € T,, where T, is the intersection of the
kernels of all different R, for fixed i. Now since x7 € K(D), xf =a®b$:1- - - béscht1- - - .
The fact that Ry(x#)=1 for all R,, i fixed, implies that h,=0, i=1,...,t, ;=0 or
e;=2, j=1,...,8, e=0 when ¢,=0, and e=2°"! when ¢,=2. Let y,=x,bi1- - -bls
where 2f;=e;. Then under the various cases above, y2=1, i.e., x, can be chosen
such that x?=1. Now let x be a product of an odd number of x,,..., x,, say
X=X - -X,. Note that x"*ax=a~1. Define an extension P of P to all K by P(b,)
=(—1)Y2, 0<j<v, and P(b))=P(c,)=1, j>v, 1=r=t. Then P(xtkx)=P(k~Y)
for all k € K. Since x2 € G, if x2#1, then P(x®)= —1 and <K, x>/D quaternion,
where D is the kernel of P. By Lemma 1, P¢ is not realizable in the real field, a
contradiction. Hence x2=1 and (X, x,, xy, . . ., x,0/ D= T'(A(s, 1, 0, g)). Note that
if s=1 then v may be taken even or odd and hence I'(4)=A4 o T

Assume §=1 and s> 1. Let { be a primitive 2¢*th root of unity and P(a)={2
Consider the extensions P;, i2 —1, of P to K, defined P(b)=¢, i20, P_,(b)
=(=DY2, P(b)=(—1Y%, iz 1, P(b))=P(c,)=1, j#i,r=1,..., t. As above this
implies the existence of x_;, xo, X1, . . ., X, such that x; *ax;=a"%, i2 —1, x; bx;
=ba~!, i20, xZ{bx_,=ba*"'"', x[lbx,=ba*", i21, xb,=b,x,, j#i, and
xi¢,=¢x;, r=1,...,t. For fixed i, define other extensions R, of P to K by R,(k)
= + Pi(k) where k=b or k=b,, j=1,...,g, or k=c¢, r=1,...,t. As above we
have x?=a®b%b5:- - -bis where e;=0 or e¢;=2, j=1,..., g. Also for i>0, if ¢,=0
then Ry(a°b%0)=1 and hence e=0 and ¢;=0 or e= —1 and ¢,=2 and if ¢;=2 then
R(a’b%0)= —1 and hence e=2°"* and e,=0 or e=25"'—1 and e,=2. For i=0,
Ro(a°b%)=1 and hence e=0and e,=0 or e= —1 and e,=2. For i= —1, R_,(a®h)
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=1 and hence e=0and ¢,=0 or e=2°"1—1 and e,=2. Letting y,=x;b~fob{1- - - bls,

2f;=e;, j=0,...,8, i=—1,..., g, we have, for all the above cases, y=1, or x;
can be chosen such that x?=1. Using the same argument as above we have x2=1
if x is the product of an odd number of x_,, x,, . . ., x,. Hence

<K(D)9 x—l, x0> MRS xg>/D T—" F(A(S, 1, 19 g))

The converse follows at once from Lemma 3 and the proof is complete.
In the proof of (i) above we did not assume x2=y2=1, and hence by Lemma 1,

COROLLARY. Assume every nonlinear irreducible character of G is real valued.
Then (i) of Theorem 1 holds. Moreover we have

(ii) Any nonlinear irreducible character of G is induced by some linear character
of a subgroup K= G’ such that K|G’ is of exponent dividing 4.

(iii) If H is a subgroup of G, H2G', H' #G', then H|G' is of exponent dividing 4.
Moreover if an odd prime divides |G'|H’|, then H|G’ is of exponent dividing 2.

From the first part of §3, for each D we can find a K(D) and fix it. Using all
possible D’s and the corresponding K(D) we can find all the irreducible repre-
sentations of G. But K(D) for each D may not be unique. Now using the last
paragraph of §3 we have

COROLLARY. Assume G as in Theorem 1. Then for each D some K(D) can be
chosen such that (K(D), x_4, ..., x,0|D=AoT.

5. Cyclic commutator group. We introduce further notations. The order of
r (mod m), (r, m)=1, is the smallest positive integer ¢ such that r‘=1 (mod m).

If D=<a,...) then set K(D)=K(a,...).

Let A=A(s, m,0,0), m>1 and m odd. Let I'2h)={s") be the subgroup of
Aut A4 such that d° =d", (¢')**=1, and r is of order 24 (mod p) for every prime p
dividing m. Hence 2h|p—1 and (2h, m)=1.

Let Q={ry,..., ;> be a subgroup of Aut A, A=A(s, m,d,g), such that
a=a or (for s23) a=a*""*%, d"=d", r?=1 (mod m), and cli=c or ci=c,a® "’
j=1,...,t. Here Q is an elementary abelian 2-group. Let Q,={re€ Q | a*=a and
cj=c;} and set Q=Q,; x Q, for some subgroup Q, of Q. Let w, and w, be in Q; and
d®1=d", i=1 or 2. Define w; <w, if w; #w, and r;=—1 (mod p) implies ro,= —1
(mod p) where p runs over all primes dividing m. Hence if w, <w, then w,w, <w,.
Two elements w, and w, are disjoint if w,; <w,w,. A nonidentity element w of Q,
is minimal if there exists no 7 € Q,, 7#1, such that r <w. Clearly every r € Q,, 7#1,
is a product of (not necessarily unique) disjoint minimal elements of Q,. Unless
otherwise stated, =, € Q, will mean 7, is a minimal element of Q, and 7, € Q, will
mean 7; is an element of some basis of Q,. Using these notations, consider the
following statements.

(i) Forallo, 7€ T, (o, r)=1.
(ii) For all o, 7€ A, (o, 7) € {a® .
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(iii) For some {r;}, a basis of Q,, (v, ;)=1.

(iv) For {7}, set of minimal elements of Q,, (=, 7)=1.

(v) For 7,€Q, if (7, 7)=1 then (oo, 7y)=(7i, 0o) and if (7;, 7;)=a®*"" then
(00 7)) (7 70)=a" ",

(vi) For every element o of order 4 we have either ¢f=c,a® ', for some
i=1,...,t, or (o, )" Y7, 0)=a*"" for every minimal element =, € Q,, and hence
t#0or Q;#1.

Now we prove

THEOREM 2. Let G be a finite group with cyclic commutator subgroup G' and
assume all its nonlinear irreducible representations are realizable in the real field.
Then G=A(A), where A and A are given below with the factor set satisfying the
indicated conditions above.

I. A=A(s, m, 0,0), A=Tx Q, I'={ay,), (i)~(V).

II. A=A(0, m,0,0), A=Tx Q, T=T(h),  even, and A(d)=A  A.

III. A=A(s,1,0,8), s=1 or 2, A=I'xQ, I'={oy,...,0,), satisfies (i),
(ro 1) €a® Y01y .y 00, 1 €Q, and (0, 7)Yz, 0) €<a®" ") for all o, T € A.

IV. A=4(2,1,1,0), A=Tx Q, I'={o_,, oo, (i)(iii).

V. A=A(1,m,0,0), A=Tx Q, ['=(a,>, (i), (ii), (V).

VI. A=4(1,m,0,0), A=T'x Q, I'=T(4)=<da"), (i), (ii), (iv), (v) and (vi).

VII. A=4(2,m,0,0), A=I'xT'(4)x Q, I'=<{0oy), I'4)=<(0", (s, 7)=1 for all
o, 7 € I'(4) and (i)~(vi).

VII. A=A4(2,m,0,0), A=TxTI'4)xQ, I'=<{a,), T'@)=<{0"), (i), (iii)~(vi),
(0%, (6)?)=a? (o, 1) €<a® for all o, re T'x Q or o, T € I'(4) x Q and

(o0, 0’) Yo', ) = a.

Proof. First we consider the case where G’ is cyclic of order a power of 2, i.e.,
if a® =1 we let G'=<a) or G'=<a?). Second we assume G’ =<{d), d™"=1, m odd.
Third we assume G'<<a,d). If G/A~A<Aut 4 and o € A, then x, is a coset
representative of A4 such that x; *kx,=k° for all k € A. We omit some of the cal-
culations, in particular we omit some of those that prove K(1) and A are of the
types indicated.

Assume s=1 and G'=<a), then K(1)=A4(1,1,0,g) and G/A~xA=TxQ. If
7€ Q and xZ is of order 4, then K(1) can be chosen containing x, and hence either
K(1)/G’ is of exponent 8 or G'$<a), a contradiction. Therefore x2 is of order
dividing 2 and x?=ahi- - -b2%cl:- - -cfs. Setting y,=x.b%:---b%, we have y?
=ac{1- - -cf+ and hence x, can be chosen such that III is satisfied for s=1. The
same method gives III for s=2 and G’ =<{a?).

Assume s=2 and G'={a) and assume there exists k € K(1), k2 ¢ {a) and k*=1.
From Lemma 1, there exists x such that x~lax=a"1, x 'kx=k and x®=1 (here
P(k)=1, for some P). Considering K(a?)2K(1) we have y such that y~lay=aq°,
e=1or —1, y~*ky=ka’, f=1 or —1 and y? € <a?), (here P(k)=(—1)"2for some
P). This implies that e= —1 and letting z=xyx~'y~! we have z~kz=ka?#k, a
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contradiction, since z € G'. Hence K(1)=A4(2, 1, §, 0). Assume =0 and G’ is not
a proper subgroup of a cyclic subgroup of G. Then G/AxA=T'x Q, I'={oy). If
7€ Q and xZ ¢ (a) then K(1) can be chosen such that x, € K(1) or x}=a? which is
the case when 8=1. Otherwise for a basis {r;} of Q, x2=1 and hence G'=<{a?), a
contradiction. Hence =1, K(1)=A4(2,1,1,0) and G/AxA=T'xQ,I'={0o_4, oo).
If 7 € Q and x? ¢ (a) then either a different coset representative can be chosen such
that x2=1 or K(1) can be chosen containing x, and hence x%=a? or (x,b)*=1, the
latter is a contradiction. Hence IV follows.

Assume s=3 and G’ =<{a?). From the above there exists no k € K(1), k? ¢ <a),
or K(1)=A4(3, 1, 0, 0). The result, I, for s=3 and m=1, is immediate when a*=a
for all 7€ Q. Let Q={7y, ..., 7,), a»=a® and a*=a, i>1. Then we may choose
X, i>1, such that x? =1 and hence K(a*)=<{4, x,,, ..., x;,> and hence G/K(a*) is
of order 2. But if x;,<a*) is of order 4 in K(a*)/<{a*), then from Theorem 1, G/K(a*)
should be at least of order 4, a contradiction. Hence x?, € {a*) and x,, can be chosen
such that x2 =1 and I follows for s=3 and m=1.

Assume s=3, G'=<a), and G’ is not a proper subgroup of a cyclic subgroup.
If K(1)=A(3, 1, 1, 0), then x exists such that x " lax=a"1, x"bx=ba~1,and x2=1.
(This follows from Lemma 1 after taking P(a)={¢2, P(b)={ and we should have
P(x~bx)=P(b~"), { is a primitive 2*th root of unity.) Taking K(a*)2K(1) we
have y such that y~lay=a®,e=—1or 3, y tby=ba’, f=1 or 5, and y? € (a*). (This
follows after taking P(a)= —1, P(b)=(—1)*/2) It follows that e= —1 and letting
z=xyx~'y~! we have z71bz+#b, a contradiction. Hence K(1)=A(3, 1, 0, 0) which
implies G’ = (a2, another contradiction. Hence for s = 3 we may assume G’ =<{a?)>.

If s=4 and G’ =<{a?) then K(1)=A4(4, 1,0, 0) and G/A~ A=T"x Q. By a method
similar to the one preceding the above paragraph, the existence of = € Q such that
a*=a® leads to a contradiction. Hence a*=a® or a*=a for all = € Q. The case when
§>4 can be proved by a similar method. This completes the proof of I when m=1.

Assume G’ ={d) of order m, m odd, then K(1)=A(0, m, 0, 0) and G/A~ A, then
c¢f=cfori=1,...,t. Letd°=d", oof order A. If his odd and r is of order 4, (mod p),
p some prime dividing m, and h; <h, then K(d”) can be chosen such that h/h;
divides the exponent of K(d?)/G’, a contradiction. Furthermore if 4|4 and r*2=1
(mod p), p|m, then a K(d®) can be chosen such that x2 € K(d?), w =0"*. Choosing
P such that P(x2)= —1 we have {K(d”), x,>/D quaternion, a contradiction. We
have a similar contradiction when o¢2=1 and xZ2e<{ecy,..., ¢,y —<1>. Hence II
follows.

Now assume G'c{a,d)> is of even order, a®*=d™=1, m odd, then K(1)
=A(s, m, 0, 0). Considering K(d) we have, from the above cases, G/G’ of exponent
2 if s>2 and of exponent dividing 4 if s<2.

Assume G/G’ is of exponent 2, G/A~A=I'xQ, where I'={o,>. We have
x2 e<a) for all 7 € Q. Assume x? € {a?) for all r € Q. Let {r;} be a basis of Q, then
x,, can be chosen such that xZ = 1. Similarly if {r;} is the set of minimal elements of
Q, we may let x2=1. Now assume x;olx,‘xao=x,‘a2"1, 7,€Q,. Let d"*=d" and
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q be the product of all p°, p¢|m, and r=1 (mod p), p a prime. Then K(d9)={4, x,).
Now {x,, | w € A} contains a set of coset representatives of K(d9) and there exists
no o such that x;kx, ek <d? for all ke K(d?), a contradiction. Hence
Xoolx, X50=x,, and I follows.

Now if s=1 and x?=a, 7, € Q,, then it can be shown that x; 'x;x,,=x,a.
Hence V follows.

Assume s>1 and for some 7€ Q, x2=a. If d*=d, then this is the case when
A=A(s+1, m,0,0). Hence assume d*=d"#d, r=—1 (mod p) for some prime
p|m. Then for w € Q, x5 'x,x,=x,a° and hence x; 1x2x,=x2a*=qa or a®* '*1, and
therefore e is even. Assume x2 = x2", then setting y, = x,x/, f a solution of f(1 +¢)=
—h (mod 2°%), we have y2=1. Hence a basis {r, 7, ..., 7;} can be found such that
x7 =1 for i> 1. This means the derived group of <4, x,, x,, . . ., x> is included in
{a? d). Hence x, ¢ K(a?, d?)=2K(1) and x; *kx, € k~*{a?, d*) for all k € K(a?, dP).
But x?=a and hence {K(a? d”), x,»/D is quaternion, a contradiction. Hence for
s>1, x2 e (a®), for all € Q.

Now assume G/G’ is of exponent 4 and let s=1. Then K(1)=A4(1, m, 0, 0) and
G/AxA=T'xQ, I'=T'4)={¢’>. Here x?e{a), € Q, and x%=1. Since x2.
commutes with every x, we have x? =1, =, € Q;. Now we show that ¢/'=c;a for
some i, or x5 'x;x,=x,4a, for every ;€ Q,. Assume Q,; =1 and ¢{'=¢, for all i,
then K(d)=<{4, x,» and there exists no € Q=Q,, 7#1, such that ci=c; for all i.
This means x; * Dx, # D for the kernel D of any P, a contradiction. Let Q, 21 and 7,
be a minimal element of Q; and ¢ =c, for j=1,..., t. Let q be the product of all
p% p¢lm and r=1 (modp). (Here du=d".) Let H=G/{d?) then A(s,gq,O0,0)
=({A(s, m, 0, 0), x,>/<d?). Since ¢{'=c; for j=1, ..., 1, from the above we have
Xg Xy X =xa. (Here x,, is like some ¢; in A(s, g, 0, 0).) Hence VI follows.

Assume s=2 then G/AxA=T'xT(4)x Q, I'={0,> and I'(4)=<{c¢’). Since s>1
we have x2=1, 7, € Q;, j=1 or 2. Also x% =1 or x% =a? and the rest follows as
above giving VII and VIIL

To complete the proof we should show that every nonlinear irreducible repre-
sentation of the above groups is realizable in the real field. It is immediate when
A=A(s,1,0,0), A=A4(2,1,1,0), A=A(s, 1,0, g), s=1 or 2 and 4=A4(0, m, 0, 0).
We prove for I when s>0 and m> 1, and the remaining cases are similar.

We have x7 =1, 7, € Q;, j=1 or 2. Let P be a linear representation of {a, d)» with
kernel D=<{a%, d*). If y<s—1, then K(D)=<A(s, m, 0, 0), x, | 7 € Q, d* € d{d*)).
Now x;,'kx,, € k=D and hence {K(D), x,,>/ D satisfies the conditions of Theorem
1 and the result is immediate. Now assume D=d{d?. If Q,=1 then K(D)
= A(s, m, 0, 0) and considering {K(D), x,,>/D the result follows from Theorem 1.
Assume Q,P1. Again K(D)=A(s, m,0,0) if there exists no minimal element
7;, d=d", such that r=1 (mod z) and the result follows as above. Assume such a
minimal element 7; exists, i.e., r=1 (mod z). Let ¢ be as defined above, then z|q and
K(d9)={A4, x,>. Hence considering K(d%)/<d*)~A(s,q,0,0) and H=G/{d?) it
follows that A;, A, defined for H as Q, is defined for G, has less elements than Q;.
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Assuming the inductive hypothesis on the number of elements of Q, the result
follows. This completes the proof of the theorem.
We conclude this paper with

COROLLARY. Let G be a metacyclic group as defined in the remark of §2. Then
every nonlinear irreducible representation of G is realizable in the real field if and
only if (a) or (b) below holds.

(@) (n, 4)|2, t=m=2h, r of order 2h (mod p) for every odd prime p dividing m.

(b) n,4)=4,t=m=2,and r=—1, i.e., G is dihedral.

The proof is immediate from cases I and II of Theorem 2 since A= A(s, m, 0, 0)
={a), a of order n, and A is cyclic, i.e., Q=1. Another proof can be given by
using Lemma 1.
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